
Tt Shalom

Def A Ricci soliton structure is M g X x with

M g a Riemannianmanifold Xer TM XE IR s t

Ric 12 9 1g

factor is chosen just forcomputational ease

Traceof gives

R div

When X If for some ft M then we say that it is

a gradient Ricci soliton GRS and weget
Ri Hessf Ig or RijtVitjf gig

IR and Diff 17 actnaturally as α g ag and6.9 4 9
on the space Met Mn Ri is scaling anddiffer invariant



Ricag Ricg Ris ptg p Ricg theaction

on a RS is

1 for XE R M ag α X α x is again a RS

2 If y N M is a diffeo then N 0g p X d is ars

If K is a killing v f then Mig X K 1 is a RS

Def A RS M g X x is shrinking if 1 0 shrinkers

expanding if 1 0 expanders

steady if 1 0 steadies

We'll usuallynormalize so that I is 1 1 or 0 in the

above cases respectively

Riccisolitons and theRicciflow

Recall if g t is a RF on M X a b there forany fixedas

and yeDiffIM g f α 49 is again a RF on

Mx da b So geometrically these two so are essentially



the same

Def A so g t of
RFwhich moves onlybyscalingsanddiffers

is called a self similarsolution i e

g t t 0 go for some fixedgoand positive
smooth function t and a family ofdiffeo It

A self similar 501 defines a RS on each time slice andconver

sely a RS gives a self similar 501 to the RF

Prof let Mgo be aRiemmanifold
a Suppose g t α Lt 4 9 is a RF on Mx a b w α t kb 1

a positivesmoothfunction and I a familyofdiffers on te aib

Then a b X t E R TM and a scalar d t sit

M g t XCH Alt is a Rs

b Suppose that M go X t is a RS Then notM a nbd

Us so an interval a b containing 0 a smoothfamilyUp

U M of localdiffers and a smoothpos function α aib IR
bit glt α It 90 is a RF on Ux Aib w 810 Go



Proof suppose g t f letgo is a RF on Mx aib Let

e aib Wehave

p f't
c 4190 947 12 9 90

now t.cl 90 Z p
4i'oYc t Yct9o Lxa Go

where c is thegeneratorof the family Hitlatt
so weget

2Ric g c α c 4 go α c Lxi letgo
Act α 1 go c Lxic90

4 α c go
4 Lxi got 2Ric go 0

choose X c 1 gives a RS

b Suppose Ris 9 1L 90 190

Bythe standard theoryforexistenceofsolnforODE nbds Uand

V of notM w UC V E o and a smoothfamilyofdiffeos



sit Vs U V St C E E w a x and

s Ys
a X Yoke on Uxc e e

choose tst ex fence it eor I
When X 0 define b min E 1 1 and a b and Vte aib

let t 1 At It Vent w Clt 1en 1 dt

Then glt 4 0 90 1 Nt 4 90 satisfies g o go
and get a f go Alt C'It VE Lx90

10 go alt Yt Lx90

10 9 021 2Ricgo Ago

2Risg t on Ux aib

When 1 0 choose 21 1 1 and It Yz Then

Ye go 2 90 2 kt Ring 2Ricgits

note If w is sometensor on M there
2 01 It to w 1 weeps wp

w Yt the associated flowof X



It t.tl
w
dat1t pttYtw Utftltgew UttLxw

Def completevectorfield X MTM is a complete v f it ithasa

globalflaw i e if VpeM andany integral unue

8 aib M passing throughpeM can be

extended to a curve 8 IR M

when X is a complete v f the domainofdefn in the proofof
partb would be at least as large as that permittedby the RStype
ii e 0

1 forshrinkers 0 a forsteadiesand 11 a

for expanders

SomeexamplesofRiccisolitons

TheGaussian soliton

ForDEIR IR Gau fam A w Gau I drio drei

and foam In is called the Gaussian soliton



Tif nitin Tiff Ijn Fix La Tiga

Gij

R can be regardedas a soliton ofmytype
Infact find 141211749 a b w a EIR and be IR alsogivesthe

same solitonstructure

note Yf 212m integrating it geierthe I parameter

familyof diffeomorphisms Yin e se

io fromthe previous prop we see that

It 4 Ien txt
when to and of It when 0

given the familyofdiffers i e

Utin 1 ttl 2x and get 1 Xt gauc

Gene asexpected

2 Shrinking round spheres

Ground is shrinking gradientRiccisolitonsw

f constant g 2 n 1 g.sn satisfies Ri If 1g



w D 1 we can take any constant function let'schoose

f 1 and we get g 1 as a shrinkinggradientRiccisoliton

The so is g t 1 1g which is definedfor te 0,1

For 1 1 the metricsglt have radius ref 12in1 t

Einsteinmanifolds

If Mg X X is Einstein w Ric 1g there
L g o and is killing

Topping Yiu nongradient Riccisoliton

Consider 1R w g 1g
dn dy and Y y

Then IR g X 1 is an
expanding soliton


